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1. Introduction 

Let D be a bounded domain in C". We consider the operator of the Cauchy- 
Riemann equations 

where the L^-spaces on D are defined in terms of a Hermitian metric given on C", 
its Hilbcrt space adjoint, 

B* ■.Ll^+,{D)^Ll^{D), 

and the associated complex Laplacian 

D,^dd* + dd* ■.Ll^iD)^LljD), 

whose domain of definition is singled out by the conditions 

u e Dom{d) n Dom{d*), du £ Dom{d*), d*u £ Dom{d). 

The 9-Neumann problem asks to solve the equation 

Uu = f for / ± fcer(n), 

with u G -Dom(n). We will study this problem on strictly pseudoconvex domains 
which may have singularities at the boundary. More precisely: 

Definition 1.1. D CC C" is a Henkin-Leiterer (HL) domain if there is a strictly 
plurisubharmonic smooth function r on a neighborhood U of the boundary dD such 
that 

U C\D ^ {Q£U : r(C) < 0}. 
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We shall make the additional assumption that r is a Morse function. Then 
dD ~ {C : r(^) — 0} and we may assume that r has finitely many critical points on 
the boundary, and none on U \ dD. 

Under these - and even more general - conditions the 9-Neumann problem is 
solvable in the following sense: there is a linear operator 

N : Ll g{D) Dom{D) 

such that one has the orthogonal decomposition 

LljD) ^ker{n)®aN{Ll^{D)) 

=fcer(n) ® dd*N {Ll^{D)) ® d*dN {lI JD)) . 

N is called the 9-Neumann operator. For q > 0, one knows that the harmonic 
space fcer(n) is zero; this is no longer true on more general manifolds. For q — 0^ 
ker(n\) is the space of square integrable holomorphic functions. 

We can now formulate our aim: to express the abstract operators, N, dN, d*N, 
as integral operators with explicit (in terms of the defining function and the met- 
ric) kernels. The expression should be valid up to error terms which have stronger 
smoothing properties than the explicit terms; consequently, the boundedness prop- 
erties of the above operators in various function spaces (L^-spaces, for instance) 
can be read off the corresponding properties of the integral operators (which have 
to be established, of course). 

This program has been implemented in the case of smoothly bounded domains 
by the work of many people - see [4] for historical comments; we carry it over to 
the non-smooth HL case. 

In order to state our results we now describe some needed conventions and no- 
tations which will be kept fixed throughout this paper. The metric on C" will be 
chosen to coincide, near the boundary of D, with the Levi form of r: 

(1.1) ds^ ^Y.'-^-AOdQdC,. 

Any such metric is called a Levi metric; the 9-Neumann problem is formulated in 
terms of this metric. 
We set 

7(0 = \dr{C)\, 

where the length is measured by the metric in (jl.l[) . 

For a double differential form /C(C, z) on _D x we define the corresponding 
integral operator, K by the formula 

Kf{z) = f /(C) A 
JceD 

and call K, the kernel of K. Here *^ is the Hodge operator for the metric (|1.1[) . and 
/ is a differential form. If the types of / and JC do not match, the integral is by 
definition. We finally set 

(1.2) ic*{c,^)^WX); 

in particular 7*(C) — 7(-z)- 

The first step in our program has already been done by the first author in [2] : 
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Theorem 1.2. Let D Cd X be a HL domain in a complex manifold X, given by 
a Morse defining function r. There are integral operators of type 1, 

T,:Ll^^,{D)^Ll^{D) 

such that for f £ Ll^^{D) n Dom{d) n Dom{d*) 

f = Tqdf + T*_j^(9*/ + error terms for 1 < q < n = dimX, 

where the error terms, after multiplication with suitable powers of 7, involve only 
operators with better smoothing properties than the principal terms, with f , df , and 
d* f arguments. 

The error terms will be explicitly described in Section [3 in Theorem 17.11 The 
type will be defined in Section [31 it describes the continuity properties of the 
operators in question. A detailed description of the operators Tg is given [2]; we 
will resume it in Section|31 Although X above can be an arbitrary complex manifold 
we shall restrict attention, in this paper, to X = C". The necessary adjustments 
in the general case can be made as in [4] or [5]. 

In order to express our main results, we introduce the notion of principal part. 
We only indicate here what we mean and refer to Section[6]for the precise definition. 
Let A : L^{D) — > L^{D). B is called a principal part of A if for all large L 

-f^A ^ -f^B + C, 

where now •^^B is an admissible integral operator (to be precise: a Z- operator) 
and where C has better continuity properties than ■^^B. We recall the definition 
of " admissible" in Section [31 the definition of a Z-operator in Section [51 

Our main results are the calculations of the principal parts of the operators Nq, 
dNq, and d*Nq. For Ng we calculate explicitly an integral operator, Ng, with 
kernel, Afq, such that we have 

Main Theorem 1. For 1 < q < n — 3: 

a) Ng is a principal part of the Neumann operator, Ng 

b) Tq-i is a principal part of d*Nq 

c) T* is a principal part of dNg . 

Similar results hold ioi q — n — 2, but will not be proven here. See [4] for details. 
We can interpret some of our earlier results on the Bergman projector in terms 
of principal parts: 

Main Theorem 2. The admissible operator Pq 0/ [3] is a principal part of the 
Bergman projector P. 

See also [1 for the Bergman projection in the setting of domains in complex 
manifolds. 

From the above representation we get, in view of the known continuity properties 
of admissible operators, estimates for the Neuman operator, which we express as 
follows: 

Main Theorem 3. For q as in Main Theorem [H and for all p > 2 and s such 
that 

1 1 1 

s p n + 1 
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we have the estimates 

a)||7^("+2)A^J||L^<||7'/l|Lp + ||/||L^ 
and for f e doniD C Lq^{D) 

ll7'^"+'VlU=<ll7'n/llL^ + ll/llL- 

These estimates are of course only a typical example of the use of our analysis 
of the Neumann operator; it is possible to obtain estimates in other norms (see [1] 
or [4]); they will all invoke the 7 weights. 

Much of the work on this paper was done while the first author was visiting the 
Max Planck Institute for Mathematics in Bonn, and special gratitude is extended 
to the Institute for their invitation. Moreover, both authors had the opportunity 
to cooperate at the Erwin Schrodinger Institute in Vienna: we extend our sincere 
thanks to the Institute. 



2. Geometric data 

We need the following data, all of which are given by the defining function, r: 
(1) p^iCz), (square of) the geodesic distance for the metric (|l.ip . 
(2) 

p(c,z) = p^(c,.) + 24^44, 

7(C) 

the extended (squared) distance function, 
(3) F{(,z), the Ramirez-Henkin function of the domain (resp. of r). Its defi- 
nition and properties can be found in [l] or [B]. Let us only note that it is 
holomorphic in z, smooth in both variables, and that it gives rise to 

(4) 

<i>(C,z)=^^(C,z)-r(C), 
the extended Ramirez- Henkin function, which satisfies the crucial estimates 

Re $(C, z)>0 on dD x D, 
$(C,C)-0 forCeSL*, 

l'i>(C, z)\ > p2(C, z) + \r{0\ + \r{z)\ + |Im <D(C, z)\. 

It is from these data that all the following integral kernels will be con- 
structed. 



3. Admissible operators 
We write ^kiC) ^ function with the property 

l7"^c"^fc(C)l<7'- 

We shall write £j for those double forms on open sets U C C" x C" such that 
Ej is smooth and satisfies 

£.(C,^)<P^(C,^), 

where p coincides with the geodesic distance. In many cases we work with similar 
forms which are not necessarily smooth up to the boundary, and for such forms we 
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define dj, j > 0,for those double forms which are smooth on open sets U C D x D 
such that 

Dzaj = Co^j-i- 

Here and below = ^^iz): the * having a similar meaning for other functions of 
one variable. 

Definition 3.1. A double differential form z) on DxD is an admissible kernel, 
if it has the following properties: 

i) A is continuous on DxD— A, where A is the boundary diagonal, and smooth 
except possibly at the singular points (C, z) with 7(^) = or j{z) = 0. 

ii) For each point (Co, Co) € A there is a neighborhood U x U of (Co, Co) on 
which A or A has the representation 

(3.1) CNfM<^j^"*°**'^*'$**'^**VV*'" 

with N,M,j,to,...,m integers and j,to,l,m > 0, —t = ti + --- + t4<0, 
N, M > 0, I + m < t + I, and N + M > 0. 
We define the type of A{C, z) to be 

T ^2?2 + j + min{2, t - I - m,N + M} - 2(<o + t-l-m). 

The type controls the regularity properties of the operator: the larger the type, 
the better the regularity - see Proposition |621 Type is at the edge of integrability 
- see [3|; here we only work with positive type kernels. 

Double forms £j_2n will be called isotropic kernels of type j. Operators with the 
corresponding kernels will be called isotropic (resp. admissible) of the corresponding 
type. 

An important example of a type 2 isotropic kernel is 

Tog = ro<j(c, z), 

a parametrix of the complex Laplacian; its derivatives di^Toq and '&(^TQq are of type 
1. They are part of the 7^-kernels and the corresponding operators mentioned 
above and defined in the next paragraph. 

In the next theorem and throughout this paper we shall denote the kernels of 
the operators by 7^; the adjoint operator has the kernel T* - see (|1.2p . 

We will use Ai for a generic admissible kernel of type I and £;_2ra for a generic 
isotropic kernel of type I. More elaborate and more general concepts (the " Z- 
operators") will be defined in Section [51 

Our main theorems follow from the following result whose proof takes up the 
bulk of the present paper: 

Theorem 3.2. There are explicit kernels, J\fq, < q < n — 1, which satisfy 

Nq=N; + -A^ + \A^ 
'7 7 

11 
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For 1 < q < n — 1 we have 
Moreover, ifl<q<n~2, we have 



The kernels A2 above satisfy 



dc;A2 ^Ai + -A2. 



1 

4. Preliminary calculations 

In the next few lemmas we will often refer to a particular choice of local coorid- 
inates. We work in coordinate patch near a boundary point of D and define or- 
thonormal frame of (1, 0)-forms on a neighborhood U C\ D with o;^, . . . ,0;" where 
dr = juj" as the orthonormal frame, and Li,...,L„ comprising the dual frame. 
These operators refer to the variable C,. When they are to refer to the variable z, 
they will be denoted by 9^ and Aj, respectively. 

We fix the point C and choose local coordinates z such that 

(4.1) dz,(c) = e,(c). 

From the Morse Lemma, near the critical points of r, denoted by pi, . . . we can 
take £ small enough so that in each 

U2e{Pj) = {C--Dn\C-Pj\<2e}, 

for J = 1, . . . , fc, there are coordinates Uj-^ , • ■ • , Uj„ , ''^jm+i j ■ • • j Vj2n such that 

(4-2) - r-(C) = 4 + ■ • ■ + <. - «L ' 

with Uj^ (pj) = Vji^ (pj) — for all 1 < a < m and m + 1 < /3 < 2n. Working in a 
neighborhood of a singularity in the boundary and using such coordinates, we see 
first that for j — I, ... ^n, Lj is a sum of terms of the form ^o-A, where A here and 
below denotes any smooth first order differential operator. Similarly, A^ is a sum 
of terms of the form QA. 

Working now with the case j = n, the other cases being handled similarly, we 
see A„ — g|- is a sum of terms of the form 

(4.3) f14"47T)^ = (^-^o'^^)^' 

7(0/ 

where a is a smooth function such that \a{C)\ ^7- (|4.3I) follows from 
a{zl_a{0^ . 1(0 -l{z) a{z)-a{0 
7(z) 7(C) ^ ' 7(C)7(^) 7(C) 



We thus use repeatedly 



C-iCoC^i- 

d 



(4.4) ^^-d^ = (C-iCo'^OA. 



■-3 
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By symmetry, we also have 

% - ^ = (e-ia^i)A. 
Coordinates taken as in (14.11) give us the fohowing 

Q - 6 

Cj - Zj = 0-1. 

We now collect various properties of functions comprising the integral kernels. 
Lemma 4.1. 

I. r(C) = -$(C,^) + £i 

li. $(c,2) = $*(C,^) + e3. 

Proof, i. follows as an immediate consequence of the definition of the function $. 
a. follows as in the smooth case (see [3]). □ 



Lemma 4.2. i. 



ii. Vj 



Hi. For j < n 



Proof, i. 



i=i 

= - 1 + 

The second relation in i. follows by taking conjugates, and by Lemma [4. II 
ii. That Aj<i> = ^962 is clear. Lj^ = ^o£2 then follows by taking the adjoint and 
using the fact that $ - $* = £3. 
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iii. As we wrote in the proof of we write 

dr 
da 



^1 

fe=i 



= E l^(e-ieoVi)A(a - zk) + eo£i 
+ ^(-i + (e-ieo'^i)A(o-^.)) 

ij$ = CoCo'^'i follows similarly. □ 
Lemma 4.3. i. 

7A„p = - 2¥ + aCii^' + £2) + eoeo*<^2 

7*L„P = - 2$* + i-iCiiP + £2) + 6^0 ^2. 



a. For j < n 



77 



j<n I 



Proof. Variants of i. and iii. were proved in |2], and we will follow those proofs 
here. 

i. We prove the first relation in i., the second being a consequence of the first. We 
have 

A„P = A„p2 + 2 ^o{z) — - 

7 7 77 

With C fixed, we choose coordinates Zj, as in (|4.ip . so that dzj{Q = djiO^ ^nd 
we let 

where the g^fe are determined by the metric, ds^ — ^ gjkdzjdzk- 
With the metric chosen as the Levi metric, we write 



This gives us the relation 
and thus 



5jfe(C) = gjk{z) + (Ti. 



= + (e-ieoVi)(eoVi) + $0^2 

where the last line follows from gjkiC) = 26 jk due to the orthonormality of the Qj. 
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Finally, this gives 



(4.5) 

where we use 



r rr^ 

KP - -2(C„ - Zn) +2-+C-1—+ i-lCo^2 

= -2(c„ - z„) + 2- + c^{p + £2) + i-iCo<y2, 

1 



IT 



= P+£2 



in the last line. 

We compare (|4.5p to <I> by calculating the Levi polynomial, z) in the above 
coordinates: 



(4.6) 

ii. Again we use 

below to obtain 



$(C,^) = F(C,z)-r(C)+a2 

= 7(C)(C„-^n)-KC)+eoeoV2. 



E 



(Cfe - 2fe) + 



(a-^fe) + e-ieoV2 



(0 - ^OCCfc - zfc) + $-iCoCT2 



= (L, + (c-iS'^OA) + e-ieoV2 



We now use the relation 



77* 

=L,p'+eorir*+e-ieoV2 
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to finish the proof of ii. 
Hi. We have 



dc 



d 2 



3 
2 



e-iCoVs 



^3 I 

We can then, with the relation 
write 

2P - V |L,p2|2 = 4|C„ - Z„|2 + 4^ + ^-1^0*^3. 

The calculations in (|4.6p also give 

^ = 7(C« - 2^™) - f + 

which we use in 

-7(C« - ^n)[7(C„ - zn) - r(C) + ^oCo^2] - r(C)$ + (^$0^2)$ 

=77*ICn - Znf - ''(OblCn " + + 7-(C)CoCo'^2 + ^Co^^S + ^O?o0'4, 

where we use 7(C) ~ 7(2) + cti and $ = ^iCTi + a2 — r in the last step. 
From Lemma 14.11 we have 

7(Cn - 2„) + $ = 7(Cn - Z„) + ¥* + £3 

= 7(Cn - 2n) + 1*{Zn " C«) " r{z) + ^0^0*^2 

= -r'(z) + ^oCoCT2, 

and so we can write 

$$ = 77*|Cn - Zn\'^ + rr* + r^oCo'^2 + + 
iii. now easily follows. 

We want to compute the principal parts of the kernels Tq occurring in the intej 
representation rOI From [5] we have 

(4.7) r, = ^c^, - d.x,-, + acFo,, q > 1 

where the various kernels are defined below. 
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We start with the differential forms 



aiCz)=m 



dr{C) 



where ^(C) is a smooth patching function which is equivalently 1 for |r(C)| < d and 
for |r(C)| > and 5 > is sufficiently small. We define 

Cg ^ Cq{a,l3) ^ X! ^^it^'^'^qt^'^i'^'l^)' 

where 

1 \ //^ + /n — 2 — /i — i^^ 

and 

C,^Ac^,P) = a A /3 A (dear A (9^/3)"-"-^-' A {B^aY A (9./?)'-^ 
Denoting the Hodge ^-operator by *, we then define 



(4.8) /:,(c,z) = (-i)'+^*cC,(c,z). 

We also write 



and 



KgiC z) = (-l)^(^'i)/2 ^ ^ j ^J^a A {B^aT-'^-' A [B.af 



For ease of notation we will drop here the superscripts e, which were used in 
[2] to do calculations on the smooth subdomains, = {r < — e} noting that the 
following calculations also hold when the kernels on D x D are replaced with the 
corresponding kernels on x D^. All formulas remain the same and make sense 
when one looks at the appropriate weighted spaces. 



Lemma 4.4. The kernels Cq given in \4-^ can be represented, for < q < n — 2, 
in the following form: 

(4.9) Cq^c^q .uJ-^^AS^+A,, 



0<^<n-q-2 
\L\=q 



q ) (()f"^"pri-^-l 



where 

c„, - 2"-2 (^i-^ q\{n-q-1)\ 

and the terms A3 satisfy 

dcA3=A2, d,A3^A2, 

dr'drAs ^Ai + -A2, BrB.A-^ = Ai. 
Alternatively, we can use 

Bc^C-^3=Ai + —A2. 
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Proof. ()4.9p is given in [2] . To see the error terms have the property we write from 



Co A or 



where 



and 



n — 2 — /i 
9 



We have 



+ =11+1 '^i + ^o~; 

=yl2. 

Similarly, 

/ F.n h Fir \ 

= ^2. 



$'"+lpn-M-l 

We use (I4.10p and Lemma |4?2] to calculate 



£2 A dr 



We note d-ddr — 0, and calculate 



^ , M^2/\dr) \ £i+a£o £2 + agi e 



£2 +6£i , 
■^»+i„ (£1 +4oCi) 



We also have 



= / £3 A c)r \ 6 £2 £3 A 9r 

£3 A 9r 



_p+2^ -(£i+Cocr; 
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(4.11) ^cMl^fsi+eo^ 



We can now write 



in (|nT|) and 



We then use 



r r 

"7 '7 



7 



)2 * 
rr r 
= — + ^1- 
77 7 

= P+£2 +0-1- 

7 



to write 



=11+1 Ko~ = =11+1 ■P + £2 +=7iqrT cTi- 

= yii + -yi2. 

7 



Thus (|4.1ip gives terms of the form 



Ai + -A2. 

7 



Alternatively, using 



S.P = £i+eo — 



directly in (|4.1ip leads to terms of the form 
Similar calculations hold for d^dzAs. 
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In order to calculate the derivations of Cq which turn up in our formula (|4.7p . 
we set 



$'^+lpn-p-l 



^^+2p„-p-l 



\ pn-fi-1 



L,P^ - 1 



$^+2p„-p-l 



L,P' 



M+l \ pn-fj.-l 



From 



we have, for k < 



-A,, 



KkLjp^ = ~2Sjk + ^-i^QfJi + ^-1^* 1(72 
-2Skj n- fi- I 



M+l \ pn—p,— l 



1 



pn — ^i—l pn — ^1 



{Lkp'){L,p' 



and for k = n and j < n, using Lemma |4.3[ we have 



1 



-A„ 



^/i+l " y pn-fj.-l 

Thus, for k < n, 

1 



1 2(n - /i - l)Ljp2 1 



7 cJ)'^'p"-A' 



■^2 



77 



-^2 



77 



(4.12) 



2(5fej n — fi — 1 



pn—^—1 pn— ^ 

1 2{n - fi- l)Ljp^ 1 



-A2 



77 



7 ^^pn-M 



^2 



77 



taking into account calculations such as multiplying and the dividing by a factor 
of 7 in order to obtain a type two operator divided by a factor of 7. 

We calculate in a similar manner the M^j terms. For these terms we use the 
symmetry of (|4.3p to write 



+ (eoei^i)A, 



and as a consequence 



For k < n, 



Ml, 



(4.13) 



LkLjP^ = 25jk + S.-iCo'^i + ^-idcr2- 



1 



L,P' 



1 



-A. 



25, 



$^+lpn-p-l 



- (»^ - M - 1 + — -A2. 
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For k = n and j < n, we calculate 
Using Lemma 14.21 we can write 



(4.14) A^t:^. =7*(m + {n-ii- i^nP + A^2. 

We now use Lemma l473l to write the second term on the right side of (|4.14p as 
2(71 - ^ - 1) 1 



7* $^+^pn-M 77*'^^' 



and we can then write 



A^r. = 7-(.+i) ,y + ^^'--r'^ + -A^- 

^$^+2p»-M-i 7* l^+V'^-A" 77* 

From Lemma 14.41 we have 



lK\ = q + l 



g - i y ■< 7 



We separate the terms with n £ K from those with n ^ K. 

n — 2 — /i 



3,k<n. 



»-.-'E(":!r)-*^«^-'i"^?W''Ae' 



(4.15) - 5: c„,,_i E (% ' 1 '')-^::,7es'^^-^ A e-Q + U,. 



3<n 



We write 



|L|=q 



and compute the 'Kl terms. 
For n G L we have 



3<n ^ 



3<tQ 

For n ^ L we, distinguish the following different cases for the exponent, K oiu5 
in (j4J5ll . 
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a) K — IL with I < n 

b) K = nL 

c) K ^ nJ, J ^ L. 
In case a) we have 



n2 



+ 2(„-l)i^)z5.- + lyl,^ 



For case &), we have 

^2'-2 _ 2)! y f - (n - 1)^^) 7^"^ + -A2 



-,n-2 ^ 

,27r 

1 2"-2 



4$ r 1 

(n-1)!— cJ"^ + -yi2 



7* (27r)" ' ' P" 7* 
1 2"~2 4$ , 1 



(„_ 1)1 — zf'"^ + yi 



7 (27r)" ' ' P" 77* 
For case c) we write 



2- 



since e^/ = -e^^e'^ when fc ^ j. Thus from (|4.12p and (|4.13p we can write 



■)n-2 



-(n - 1)!=^ y ( - + (L,p2)(Lfep2))7SxV'^ + :^^2 



7* 

We have therefore estabhshed the 
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Lemma 4.5. "dc^Cq - dzCq-i = Z]|L|=g ^ w*^^ 



j<r. 
HQ 



and for n ^ L: 



\ q J 7* $P" / 7(27r)"' ^ P" 77* 



5. The structure of the kernels Tq 

In this section we prove Theorem 13.21 which expresses the kernels, Tq and Tq as 
derivatives of explicitly computed simpler kernels. We solve 

B.Nq^Tq + ^^A, 

diUq = r;_, + ^A, 
Nq = n; + -A^ + ^yi3 

We set 

J^q = Qq+ Tog 

and determine Qq. With 

Qq^y^QL^ e\ Qq = Q*q + -^3 + \a^ 

in '77 

\L\=q 

we solve 

(5.1) B^Gl = + -^A2 

11 

where "Ki^ is as in Lemma 14.51 

If g < n — 1 then we obtain (|5.1I) by choosing 

(5-2) = 



Ql =Cnq I E 



n — /i — 2\ n it + 1 1 



q y 71 — /i — 2 (j)'^+^p)i-/i-2 



. ^ / ^ - 2\ 7 2$ . r 

5.3 + — = ZU^ n^L. 



18 



DARIUSH EHSANI^ AND INGO LIEB^ 



We verify (|5.ip for the case g < n — 1 by calculating OxGl- That dxQnQ — '^nQ 
is easy to see, and we turn to (|5.ip in the case n ^ L. We have 



n — ji — 2\ 2 + l 1 



7 



n — /i — 2 ([)'^+^pri-/^- 



g / n — /I — 2 \([)^+^pn-p-2 



1 = n ^2 • 

We consider separately the cases j < n and j — n. 
In view of Lemma l4.2[ we have, for j < n, 

= -{n- fi- 2)7^— T^jP^ + -^2, 

where the last line follows from Lemma 14.31 m. Similarly, we have 

7 _ / 2$ \ , ^72$- 
— = r = -{n-l)^= — L.,P + A2 

= -{n- 1) — J^-Lop2 + J-yi,2. 

7* $P" 7* 



We thus far can write 
(5.4) B^Gl - - E E 



q J $''+^pn-Ai-l 



+ 2f"-^Vn-l)^t^W^- 
\ q J 7* / 

( Sr^ fn- fJ.-2\ 2 + 1 - 

71 - 2\ 7 - / 2$ \ \ ,x 1 , 



c 



q / 7* \(i)P"~i y / 7* 
In dealing with j = n we have 

(5.5) j^lJ—^ \=-^n-^^~2h'—^ -L„P + ^2 

72 1 11 

= -2(n - M - 2)^— +1 + -A2 + —A2 

7 $''+^pn-A'-i 7 7 

= -2(n - M - 2)7—^^ + -A2 + ^.Az, 
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by Lemma I431 z . Also, we have 

(5.6) —L„{= ==-27= 2(n-l) — = — LnP+—A2 



by Lemma l4.2l z. We now use a variation of Lemma I4.3H . which foUows. First, using 
the symmetry involved in (|4.4p we can write 



7*£„p = -2$* + i-^ii{p + £2) + i-iiio2. 

Now using 7 — 7* = (Ti we have 

7L„F =7*I„F + aiL„P 

- - 2$ + e-iei*(P + £2) + C-i^iVz + aiL„P. 

And so (j5.6p becomes 

7_/2$\ „ 1 , ,14$ 1^ 

— i„ = = - 27= h (n - 1 h — = (TiL„P + -yi2 H Ai 

7* V^P"" / $P"-i ^7*P» 7*$ 7 7* 

1 , ,14$ 1 $ - \ „ 1 
= - 27= + {n - 1)-— + —=(7iL„P + -yi2 + —A2. 

$pn-l ^ 7 P" 7* <j) 7 -y* - 

We now show the third term on the right can be written as 

T $ — 1 
(5.7) ^=a^Lr,P ^ —A2. 

7* $ 77* 

$ is a sum of terms of the form 

7&£i + ^2-r, 

and so we consider separately 

(^•«) ^^^-'^ 

(5.10) — ^L„P. 

^ ^ 7* (i)pn 

(|5.9p leads to the desired error terms with the substitution 

LnP = ^i+ Cl- 
in (I5.10p we substitute 

inP=£l + 4 + -^0(P + £2) 

7 7 

= -(P + £2) + -Co(P+£2) 

r 7 



and we obtain 



— =^P„P= A2. 

7* (j)P" 77* 



Turning now to (|5.8p . we write 
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SO as to obtain 



'LnP — =~Z — L„P ~\ =— — LriP -\ -=— — LnP- 



J* ^pn J (j)pn J ^pn ^pn 

We can now substitute 

— r 

LnP = £l + Co — 

7 

in the first term on the right hand side, and use 

I„P= £1+^0^1* 

in the last two terms on the right hand side, in order to complete the verification 
of (15^1) . 

Thus (15.61) becomes 



T_/2$\ 1 14$ 1 
(5.11) —Lni= =-27= + (n-l) + A2. 

^ ' 7* \<^P»-^ J ' <^pn-l ^ '"fP'^ 77* 

Together, (|5.5p and (|5.1ip . when inserted into (|5.4I) give the term 
1 2"^2 _.4$ „r 1 



Jn - 1)1— + —A2 



7(27r)" P" 77* 

which is the remaining part of Jf^ in (15. ip . 

The calculations leading to the expressions for were done in a special coor- 
dinate chart near the boundary. To globalize the expressions we note there are 
double forms (Ti such that 

-^Bcd^p'^ = aJ" A e" + ZU" A ai + fJi A e" + T, 

where r does not contain any w" or 8" terms. If we set z) =uj"' A 6" + tU" A 
(Ti + (Ji A 9", wc have 

i/(C, z) = oJ" A 9" + cri 
r(C,z) = ^ZU^' A9^' +0-1. 



3<n 



We thus have 



{dcd^p'y = (-2)''(r'? + gr-J-i A i/) + di 
T« = g! ^ ZU^ A 9^ + cri 

r9-iAi/ = (g-l)! ^ cJ"^ A 9"'^ + , 
which we use in connection with (15.21) and (15.31) to write 



Proposition 5.1. Let n > 3. Por 1 < q < n — 2 let the differential forms Mq he 
given by 



n-2\ 7 2$ \ ^ 2"-i(n-2)! 1 
g Jj*-^pn-l (q-l)!(27r)«P"-i 
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Then the Nq fulfills the first set of equations of Theorem \3.^ 

Remark 5.2. While TVq can also be explicitly computed, such a term will involve 
logarithms and does not fit the definition of admissible operators. Nonetheless, 
similar mapping properties for such operators do exist. Afn~i can also be explicitly 
given and can be handled as in [4 combined with the above methods. The estimates 
remain true but the principal part of Mn-i changes. 

We now verify - in order to complete the proof of Theorem 13.21 - 



for 1 < < n — 2, by showing 



(5.12) 



9-1 




From Lemma 14.51 we have 




j<n 
\L\ = q-l 



\L\ = q-l 




\L\ = q-l 




j<n 



1,1 = , -1 



(5.13) 




for q >2. The case q — 1 has a similar expression. 
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From (15.21) and (15.31) we calculate 



2"-i(n-2)! 
(27r)" 



n — /i — 2\ 9 

'7"" -L-i 



"f f n — 2 

q 



7 



2"-i(n- 1) 



9 
2$ 



n — fi 



2 ^ Vs'^+^pn 



(27r)" 



■•eJ \j<n 



1 2$ 



E 



'71 g 



E 



(/^ + l)Aj-p^ 



n - ^ - 2^ ^2 (a* + 1)(A' + 2) Ajp' 



(5.14) 



We use 



7* V 9 / *-P" 



-yi2 + — 

7 7 



^2 + —^2 

7 7 



7* <j)pn 7 $P' 

to compare (|5.13l) and (|5.14p . and to show (I5.12p holds if 

^71 — /i — 2 
q-1 , 



E E 

0<Ai<n-(;-l 



(7*)^ (^ + ^^^^-^% "Ae^-^ = 



j<ii 
i|=<,-l 



E '^"9 E 

0</j<ri-g-2 

^ (a^ + i)Ajp^ 

^^+2pn-p-l 



n — ^ — 2 
9 



(A^ + l)(/i + 2) Aj-p^ 

n — pL — 2 ^^+'^pri-p-2 



A e^^ + -yi2, 

7 



which is an elementary computation. The proof of Theorem 13.21 is complete. 

6. Z-OPERATORS AND PRINCIPAL PARTS 

We generalize (slightly) the notion of an isotropic kernel (resp. operator). We 

let £j_2n(C7 ^) be a kernel of the form 



J > 1, 



where m — 2k > j — 2n. We denote by Ej_2n the corresponding operator. The 
following theorem follows from [J (see Theorem VII.4.1). 

Theorem 6.1. The integral operators i?i-2n o,f£ continuous from 

Ei_2n:LP{D)^L'{D) 
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for any 1 < p < s < oo with 1/s > l/p — l/2n. 

We denote by Zi those operators which are of the form 

Zi = Ai+ Ei_2n- 

Z2 operators are defined similarly, and we define Zj, j > 2, operators by induction 
to be those operators of the form 

Zj = Zi^ o ■ ■ ■ o Zi^, \-ik = j- 

We have the following mapping properties for Zj operators: 

Proposition 6.2. Let p > 2. 

Zj : L^{D) ^ L^D) 

where 

1 1 j 

- > — . 

q p 2n + 2 

We will also use the following property which commutes factors of 7 with Z 
operators. 

Lemma 6.3. Let m >0, k >1. 

Proof. The proof follows from the relation 

7"W=7'"(C)+^i- 

□ 

Let A be one of the operators Nq, dNq and d*Nq which arise in the 9-Ncumann 
problem. We are going to describe A in terms of Z-operators; this will show that 
its continuity properties in weighted L^ spaces coincide with the behavior of Z- 
opcrators (although A itself is not a Z-operator). To proceed we need some more 

definitions. 

Definition 6.4. Let m < k he nonncgative integers. An operator 

a 

where the Zj are Z-operators of type > j, and the Ka are i^-bounded, is called 
a fc-asymptotic Z-operator of type > m. We shall denote a generic A;-asymptotic 

Z-opcrator of type m by Cm^ . 

Definition 6.5. Let A^ be an L^-bounded operator. A° is a generalized .Z-operator 
if there is an integer I > such that -y^A^ is a Z-operator. If / is chosen minimal 
with that property, then the type of 7'^*^ is called the type of A^. 

Note that a Z^-operator is A;-asymptotic Z for any k and is also a generalized 
Z-operator of type > m: the integer I must be 0. 

Definition 6.6. Let A be an L^-bounded operator. An L^-bounded operator A° 
is called a principal part of A, if 

i) ^4*^ is a generalized Z-operator of type m. 
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ii) for each I, there is an L and an Z-asymptotic Z-operator of type > m + 1, 



Cm+i' such that 



= + dj^ 



-'m+l- 

It now foUows 

Theorem 6.7. Let A he an operator with principal part of type m — 1 or 2. 
Let p > 2 be given. Then there is an L such that 

-f^A : LP{D) i^p), 

continuously, with 

11 TO 

- > - 



q p 2n + 2 

This fohows from the well-estabhshed properties of Z-operators of positive type. 

In general, A does not have a principal part. If A itself is a generalized Z- 
operator, it is, naturally, its own principal part. We do not claim that principal 
parts are unique - in fact, they are not. However, we do have the following theorem 
regarding principal operators which tells that the type of a principal part of A is a 
property of A. 

Theorem 6.8. Let A be an operator with principal part A'^ of type m. Then A'^ is 
unique modulo generalized Z -operators of type m+l. 

Proof. By hypothesis, the type of A^ is to. Suppose further that A can also be 
written with a principal part B*^ of type to' > m. By definition, for each A;, /, we 
can find an K, L such that 

7^A = 7^5° + 

Let M = ma,x{K,L). Then 

(6.1) j'^B'^ + dX,^^''A' + dJ:l. 

(I) (k) 

The terms C^i^^ and C!^^\^i above themselves may be written as 

(6.2) Cl2^,^Z^,+,+J2zroK^, 

a 

(6.3) ci'|i-Z„,+i+^Z>i^„. 



Insert ([Oj) and dO]) into (I63j) to get 

a a. 

then rearrange to get 

(6.4) 7^'^BO + - 7*^ AO - ^Y.^k°K^-Y, Zr o 

a a 

The left hand side is an operator of type m, and the right hand side is a j ~ min(fc, I) 
- asymptotic operator. 

Therefore (16.41) is of the form 



(6.5) 7*'^4 = cf\ 



PRINCIPAL PARTS 



25 



where j = min(fc, /), and A}-^ is a Z-operator of type m. We note that the operator 
may change with different j. 

The idea is to show that ^^'^ — 7*^^*^, and therefore 7*^A^„, is an operator of 
type m + 1. If we suppose that it is not, we arrive at a contradiction by showing 
some property of cj"'"' is not exhibited by 7*^7!^. 

Now choose j sufficiently large, and an appropriately large M in (|6.5p . such that 
for s < m + 2 and all differential operators, of order s, we have 

D'd/'^ : L^{D) L°°{D), 

as can be seen by differentiating under the integral. 

Under the assumption that 7*^7!^ is not of type to + 1, we can show there is a 
differential operator, D", of order s < to + 2, such that 

(6.6) D'Al^ : L\D) ^ L°-{D), 



contradicting (|6.5I) . 

Since we have the option of multiplying (j6.5l) by factors of 7, we will ignore all 
factors of 7 which arise in the kernels or by differentiating such kernels. 
We first note that, modulo factors of 7, 

\Ai I < ^ 



|C-z|* 

for some integral t. From (j6.5p we must have, modulo factors of 7, 

1 



< 



IC 



since, otherwise applied to the function — Col" ^, for Co S D, does not land 
in L°°{D), whereas the right hand side of (|6.5p applied to the same function is in 
L°°{D). 

Also, from our assumption that 7*^yl^„ is not of type to + f , and from the 
examination of operators of type to + 1 , we have 

^^■'^^ 1^ _ ^|n+l-(m+l)/2 ^ l-^rnl- 



If there is no such 13*, for s < m + 2, for which (16. 6p holds then, since D'^Al^ is 
bounded by an integer power of |C — z|, we must have 

(6.8) \D'AL\<, ^ 



|C-z|" 

for all differential operators of order s < to + 2. But then (16.81) implies 

I 



< 



1^ _ ;j|«-(m+2) ' 

which contradicts (16.71). □ 



7. Integral representations 
From [2] we have the explicit version of Theorem 11.21 
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Theorem 7.1. Let / e Llg{D) D Dom{d*) n Dom{d) . Forl<q<n~2, 

f{z) ={df, %) + (97, (r,_i)*) + (^df, ^A, + £2-2„) + (97, ^2-2n) 
+ f /, ^A, + —^A^ + £i_2n ) . 

V 7 77 / 

From now on we work with the case q < n ^ 2. The case q — n ^ 2 is somewhat 
exceptional and can be handled as in [5- We do not pursue that case here. 
From Theorem 13.21 we can write this in terms of Af^ as 

fiz) ={df,dM^) + {d*f,d*M^) 



+ df, —A^ + £2-2n + 97, — ■A2 + £2-2„ 

77 /V 77 



(7.1) + (f, ^A, + —^A^ + £i_2„ 

V 7* 77* 

where the A2 kernels are such that 

— A.^ — A-^- 



Lemma 7.2. 



i) 7'/ = 7*(7'n/, A/",) + ^29/ + ^297 + Zif 



it) 739/ = Zi-f^Df + ZiBf + Z,d*f 
III) 7397 = Zi72n/ + Zi9/ + Zi97. 
Proof, i). Start with the equation 17. II 

f{z) =(9/,9AA^) + (97,9W,) 

9/, ^•A2 + £2-2n ) + (97, -^A^ + £2-2n 

77 / V 77 



+ ( /, ^A^ + —^A^ + £i-2« 



Apply to 7^/, using 



aA/", = ^yll + -yl2 + ^^2 + £l-2n 

= ^yii + -A2 + ^.A2 + £i-2„ 



7V(^) =(7'9/, ~dM^) + (7^97, 9W,) 



+ ( 9/, ;^yl2 + £2-2n ) + ( 97, ^-^2 + £2-2n 



(7.2) + ( /, + ^yl2 + £l-2„ 



r r 

Multiplying (|7.2p by 7* gives us 

7V(^) =7*(7'9/, 9A/;) + 7* (7^97, 9W,) + ^29/ + ^297 + ^7 

=7*(7'n/. A/",,) + ^29/ + Z297 + ^7- 
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To establish m), we integrate by parts in the fourth term on the right of ()7.2p 
and use the fact that the A2 term satisfies 

dA2 = /li + -A2. 

7 

We obtain 

9/, ^yl2 + £2-2« ) + f /, + + £l-2n 

7* / V 7 7 

Then after muhiplying by 7* we have 

(7.3) 7'/(^) - 7*(7'a/,aA/;) +7*(7'9V,^W,) + Z^Bj + Zi/. 
We now apply (|7.3p to 9/: 

7W(^) =7*(7'5*9/,9W,+i) + Zia/ 

(7.4) =7*(7'n/, ^Wg+i) + Zia/ + Zia*/. 

Now use 

= -T-^i + --^2 + ^^2 + £l-2„, 



which follows from Proposition 15. II 

The term 7* (7^0/, 9*A/'q+i) is then written 

7*(7'n/,9W,+i) = Zi72n/ + (7n/,yi2). 

The last term can be written as 

(70/, ^2) -(95*/, 7^2) + (a*a/,7^2) 

=(a*/, 7^11 + A2) + (a/, 7/I1 + yi2) 

Putting everything together we write 

7*(7'n/, aw,+i) = Zi72n/ + zS] + ^1^7, 

and so by (|7.4p we have 

739/(2) = Zi72n/ + Zia/ + Zia*/. 

In the same way, we obtain iii). □ 
Theorem 7.3. 

^) 7^7 = 7*(7'^"'n/, A/'^) + E ^fc7'^^"'^+'n/ 

fc=3 

+ z,+ia/ + z,+ia7 + ^7 

n) 73^9/ - E Zfe73(j"-'=)+2n/ + z,a/ + ^.a*/ 
fc=i 

zzz) 73^97 - E Zfe73(^-fc)+2n/ + z,a/ + ^,97 

k=\ 
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Proof, i). The proof is by induction, the first step being Lemma 17.21 z). 

To prove i) for j + 1 we multiply by 7'^ and commute the 7's with the Zk operators 
using repeatedly j^Zk Zk-f^ + Zk+i- 

Since j*Afq = Z2, in light of the above, we can write 

h*)S*h''-'Df,J^,) = 7*(7^(^"+i)-in/,AA,) + Zs^^'-'Df. 
Thus multiplying i) by 7'^ gives 

^30+1)^ ^^^^w)-iaf,N;) + Z37^^-^n/ 

fe=3 k=3 

+ Z^+^-i^df + ^,+1739*/ + Zfi^f 
+ Zj+2df + Z,+2d*f + Z,+if 

k=3 

+ Z,+^-i^df + ^,+17^9*/ + Z,ff 
(7.5) +Z,+2df + Z,+2d*f + Z,+^f 

Inserting the expressions for 7"^/, 7^9/ and 7^9*/ from Lemma Tr% we can write 
Zj^^f = Z,+2l^nf + Z,+2df + Z,+2d*f + Z,+,f 

z,+,j^df - z,+27'n/ + z,+2df + z,+2d*f 

Z, + ,J^d*f = Z,+2j^Df + Z,+2df + Z,+2d*f. 

Finally, inserting these into (|7.5p we obtain i). 

a) and in) are proved similarly. □ 

8. Asymptotic development of the Neumann operator 

Let 

H, : Ll^ ^ q>l 

denote the orthogonal projection operator onto the harmonic space. We first note 
that in C", the projection Hq is just the operator, however, we include this 
consideration of the projection in order that the proof of Theorem 18.11 below goes 
through also in the case of domains in complex manifolds. 

Since for / G H^, 9/ and d* f vanish, from Theorem 17. II we conclude 

^^Hqf = ZlHqf. 

Multiplying by 7^ and commuting the 7^^ with the Zi-operator leads to 

J^Hqf = J^ZlHJ 

J^Hqf = Z.J^HJ + Z2HJ 

J^Hqf = Z2Hqf. 

An induction argument then yields 

j'^HJ = Z,HJ. 
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Theorem 8.1. 

i») 7'^9*A^,/ = 7*(7'^'"V, r,-i) + Z27^/ + / 
izz) 7'^a^J = 7*(7'^'"V, r;) + Z27V + +cf /• 
Proof, i. We apply Theorem 17.31 to A^q/: 

i+i 

k=3 

By definition 

ON J = / - i?,/, 

and so we can write 

i+i 

l''N,f =7*(73.'--i/, - 7*(73J-ii/^/, AA,) + ^ Zfe73W-'=)+5(/ - i/J) 

fc=3 

+ Z.+iaAfg/ + Z,+ia*7VJ + ZjNgf 

=7*(7'-'"V, A/",) + ^37'/ + Z,HJ 
+ Z,+idNgf + Zj+,d*NJ + Z,NJ, 

where we use 

r{l''-'HJ,N;)^Z,HJ 

and 

ii. To prove ii. we note the first Zi operator on the right hand side of Theorem 
\7.3\ ii). in view of Theorem 13.21 is related to Tq-i by 

^17 = 7*7^-17 + Z2- 

We therefore write Theorem 17.31 as 

^3jd*f = 7*(7'^"'n/, Vi) + J2 Zki'^'-'^^+^Df + z,df + z,d*f. 

k=2 

Replacing / with Nqf, we obtain 

i 

+ ^27'/ - J2 Zkl'^'-^'^+^Hgf + Z,dN,f + Z,d*NJ 

k=2 



Hi) The proof of Hi), in which we make use of the relation Theorem 17.31 Hi). 
follows as does that of m) □ 

As mentioned above, in C" we would have H = 0, and the proof simplifies. In 
particular, a cruder version of Theorem 17.31 would suffice. 



30 



DARIUSH EHSANI^ AND INGO LIEB^ 



Our Main Theorems [T] and [3] now follow from Theorem 18.11 after taking into 
account Lemma 16.31 and the types of the various operators. For instance, setting 

we have 

In particular, we can add to Main Theorem [T] 

Theorem 8.2. Forl<q<n-'i, 

i) N, iV° of type 2 

li) ONy T; of type 1 

lit) d*Nq m T,_i of type 1. 

We note that in the smooth case the above theorems coincide with the known 
results (see 4 ): just set 7 = 1. 
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